Abstract. -We examine theoretically the effect of electrostatics on the self-assembly of charged, cylindrical micelles. The growth of micelles as a function of increasing surfactant and/or electrolyte concentration exhibits three distinct regimes. The most striking feature of the growth law is the existence of a dilute regime, i), in which the average micelle size varies slowly with concentration. At higher concentrations, regimes ii) and iii) are characterized by more rapid growth than for neutral micelles. This may be responsible, in part, for the anomalous scaling of rheological properties, as observed in recent experiments.
Self-assembling systems are characterized by reversibly aggregating constituents, which organize into larger entities. Simple examples include surfactant micelles and equilibrium (diving.) polymers. Several experiments have focused on the properties of wormlike micellar aggregates which show polymerlike scaling with surfactant concentration [ 1-61. Such aggregates tend to grow with increasing surfactant and/or electrolyte 171 concentrationa. Theoretical studies have focused on the growth of neutral or highly screened micelles [8, 9] . In this paper, we study the effects of electrostatic interactions on the aggregation number of these linear systems. Our analysis is prompted by recent experiments [lo] performed at low salt concentrations, which report a stronger concentration dependence of the dynamical properties of the wormlike micelles than is observed at high salt concentrations.
For neutral or highly screened micelles, the equilibrium between different chain or micelle lengths, proportional to the aggregation number N , results in a broad distribution of sizes. The average aggregation number, R, of micelles grows with increasing surfactant concentration, $. This growth is characterized by a simple power law increase, with exponent 1/2 (i.e. i V -$m), and the observed scaling of both viscosity and selfdiffusion with surfactant concentration are in accord with recent theoretical predictions based on this growth law [8] .
At lower salt concentrations, however, the scaling of rheological properties such as viscosity is seen to differ substantially from neutral systems [lo] . This anomalous scaling behavior may be due to a change in the growth law expressing the scaling of micellar length, R, with concentration, $ [U] . In this work, we demonstrate that there are three distinct regimes for this growth law, depending on concentration: i) the dilute regime, which is characterized by micellar lengths that are nearly independent of surfactant concentration;
ii) the semi-dilute regime, in which W grows much faster than the power law governing the growth of neutral micelles; and iii) a higher-concentration regime, in which the growth follows an effective power law [Ill, R -qj1'g1+4), at very low salt concentrations.
Here, we are primarily interested in the qualitatively different behavior exhibited by regimes i) and ii). The crossover between these two regimes occurs when the micellar lengths become comparable to the screening length of electrostatic interactions. Without added electrolyte, this happens when the volume fraction is approximately equal to $*, the overlap threshold between the dilute and semi-dilute regimes. With added salt, the crossover occurs at a lower surfactant concentration. In fact, since the effect of electrostatics depends upon the screening length, the growth can be described in terms of a single effective concentration, 6, which is an appropriate linear combination of surfactant and salt concentrations. For this reason we shall discuss first the case of no added salt, although the behavior of electrolyte solutions is qualitatively similar.
We now derive the distribution or concentration, cN, of micelles as a function of aggregation number, N . The total free energy per unit volume is [12] where vo is the volume per surfactant and a + EN represents the energy of a micelle of length N . The term a represents the (typically, large) energy associated with surfactant packing near the cylinder end-caps. The remaining terms come from the entropy of mixing, and all energies are expressed in units of kT. We have neglected contributions to the free energy which are extensive in the aggregation number, since the equilibrium between different lengths is determined by differences in the energy per su~uctant. In equilibrium, the concentrations, { c N } , are determined by minimization off with respect to the {cN}, subject to a fixed total surfactant concentration. In terms of volume fractions, +N = NcNvO, the distribution which minimizes the free energy is given by . They imposed cylindrical symmetry and charge neutrality in a Wigner-Seitz cell of radius Rb. For highly charged cylinders, most of the counterions are bound within a narrow region near the surface of the cylinders, and the remaining counterion density has only a weak spatial dependence. Furthermore, the effective charge (surface charge plus bound counterions) is nearly independent of cylinder density-provided that the cylinders are long compared with Rb(l). An approximate variational solution [ll] of the Poisson-Boltzmann equation demonstrated that the semi-dilute system of cylinders can be approximated by rods with an effective charge per unit length [14] , v*=1/1, where 1 = &&kT is the B j e r " length, and E is the dielectric constant. In this model, the density of unbound counterions is uniform. This model is applied to semi-dilute wormlike micelles, where the effective Wigner-Seitz cell radius is Rb = a/$$, which corresponds to the mesh size for stiff rods.
The electrostatic energy of such a system involves three contributions: the interaction of counterions with each other; the (bare) self-energy of the surface charges; and the interaction of counterions with the surface charge density. With the assumption of a uniform counterion density, the first of these contributions depends only on +, and hence, does not affect the size distribution. Surface charges at positions r and r' along the cylinder repel each other, yielding a contribution to the self-energy which is given by Z/lr-r'l. For intermediate separations a S lr-r'I << Rb, this repulsion is not significantly modified by the presence of counterions. For separations larger than Rb, however, overall charge neutrality results in a highly screened interaction between surface charges. For example, given an individual charge on the surface, the net charge enclosed within a concentric spherical shell of radius greater than Rb is approximately zero. Thus, the electrostatic self-energy of long rods, as a function of their length (2), L, can be approximated by(') [15]
This represents the interaction between charges at positions z and x' along the length of the cylinder. By a change of variables this has been reduced to a single integral in the relative coordinate, t = Iz -2'1. The lower limit of this integral can be taken to be a, although the precise value of the lower cut-off is not important [9,15]; we shall take the limit of small a/Rb. For cylinders shorter than Rb, the upper limit of the integral is the cylinder length, L. The electrostatic self-energy in eq. (4) can be approximated by In dilute solutions, where the average value of L satisfies L < < a / f i (regime i)), the competition between the end-cap energy, a, and the electrostatic self-energy of eq. (5) results in a well-defined minimum of the free energy per surfactant (from eq. (l)), as a function of aggregation number. This is in contrast to the case of neutral micelles or the case of semi-dilute solutions, for which the length distribution is broad. The minimum of the free energy in the dilute limit for charged micelles results from the additional logarithmic divergence of the self-energy per unit length in eq. (5). This minimum depends only weakly (') We shall ignore the weak dependence of v* on 9, as this will not qualitatively change the (2) The aggregation number, N , and the cylinder length, L, will be used interchangeably: they are on $:
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At higher concentrations such that L>>a/fi (the semi-dilute regime, ii)), the size distribution can be calculated as described in connection with eqs. (2) and (3) but with a reduced effective end-cap energy: a + a -Zav*yfi. Physically, the effective reduction of the end-cap energy is due to repulsion of the surface charges, which favors breaking of micelles. The resulting characteristic aggregation number is In this case, the growth rate, characterized by the logarithmic derivative a 1ogm 1 lav*2 a log+ 2
is strongly $-dependent. This does not represent a power law, in contrast to the high salt limit, where the growth law exponent is 112. The apparent divergence of the growth rate as $ -0 reflects the divergence of the electrostatic energy of long micelles as the screening length increases. This leads to a collapse of the micelles in the dilute limit, so that the case L < a / f l in eq. (5) must be considered. The analytic expressions for the growth in eqs. (6) and (7) are derived using one or the other of the limiting forms for the self-energy in eq. (5). Nevertheless, the qualitative behavior in both the dilute and semi-dilute regimes is borne out by direct numerical evaluation of eq. (2) using eq. provided that a is large. Together with eq. (8), this puts an upper bound on the growth rate:
(3 logml(3 log$) 5 1/2 + a/4. Thus, the growth rate increases with increasing end-cap energy, a.
In addition to the electrostatic self-energy of the finite-size cylindrical core described above, the growth of micelles is also modified by the increased entropy of the counterions near the end-caps. This effect was discussed previously in ref. [ll] . Physically, it arises because the counterions are less tightly bound near the end-caps. Both the fraction of counterions which escape, as well as the effective volume which they occupy depend on $. The resulting contribution to the free energy, valid for semi-dilute solutions, also favors the formation of end-caps to a lesser degree as the concentration is increased. Thus the growth rate of eq. (8) is increased by an amount, (1/2)A, realted to the net charge on an endcap, which depends only weakly (logarithmically) on $. In the semi-dilute limit, which in our case corresponds to the combined limits $ -+ 01 with @U >> 1, the electrostatic core energy of eq. (5) dominates. On the other hand, at higher concentrations, the entropic contribution dominates, and the growth may be characterized by an effective power law [11] , N-$w(l+A). We denote the crossover to this regime, iii), by &.
So far, our discussion has focused on the case of no added electrolyte. As we have shown, however, the electrostatic self-energy depends only on the screening Iength (and the effective charge density, v*). The self-energy for high salt concentrations, n,, was calculated by Odijk in ref. fig. 1 . In particular, the crossover from screened to unscreened behavior would occur for a concentration, 6, given by eq. (9), which corresponds to the dilute regime. This is important for experiments, since a direct measure of aggregation number may not be possible for semidilute solutions.
We have shown that the growth of charged wormlike micelles is characterized by three regimes: i) for $ < the micelle size is nearly independent of concentration; ii) for the aggregation number m-exp[-A/fi] is a very strong function of concentration; and iii) for $ > $2, an effective power law growth is evident. The most striking signature of the electrostatic effects is the crossover from a dilute regime, in which the micelle growth is very weak, to a regime of rapid growth(*). This is in marked contrast to the situation for neutral, or highly screened micelles, in which the growth exhibits simple power law behavior in both dilute and semi-dilute solutions. For a finite salt concentration, n,, the growth law can be characterized by an effective concentration, 6 = q5 + 8?cla2n,, which is directly related to the screening length of the electrostatic interactions. Thus, for example, the crossover between regimes i) and ii) occurs for dilute solutions, with moderate electrolyte concentrations. In practice the distinction between regimes ii) and iii) may be blurred by the fact that experiments are likely to provide a direct measure of over at most a decade in concentration. Nevertheless, a rapid growth in micelle size has been observed[l6], which is in qualitative agreement with regimes ii) or iii).
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